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ABSTRACT

The extended (G'/ G) -expansion method is significant for finding the exact traveling wave solutions

of nonlinear evolution equations (NLEEs) in mathematical physics. In this paper, we enhanced new
traveling wave solutions of right-handed non-commutative burgers equations via extended (G'/G) -

expansion. Implementation of the method for searching exact solutions of the equation provided
many new solutions which can be used to employ some practically physical and mechanical
phenomena. Moreover, when the parameters are replaced by special values, the well-known
solitary wave solutions of the equation rediscovered from the traveling wave solutions and included
free parameters may imply some physical meaningful results in fluid mechanics, gas dynamics, and
traffic flow.
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1. INTRODUCTION

Most of the complex nonlinear phenomena in
plasma physics, fluid dynamics, chemistry,
biology, mechanics, elastic media and optical
fibers etc. can be explained by nonlinear
evolution equations (NLEEs) [1]. When we want
to understand the physical mechanism of the
phenomena, exact solutions have to be explored.
So, investigations of exact traveling wave
solutions play a vital role in applied mathematics,
physics and engineering branches in the study of
complex physical and mechanical phenomena.
Recently, a number of prominent mathematicians
and physicists have worked out on this
interesting area of research to obtain exact
solutions of NLEEs using symbolical computer
programs such as Maple, Matlab, Mathematica
that facilitate complex and tedious algebraical
computations [2,3].

A lot of physical models have supported a wide
variety of solitary wave solutions to realize the
internal physical mechanism for example, the
wave phenomena observed in fluid dynamics
[4,5], plasma and elastic media [6,7] and optical
fibers [8,9] etc. Some of the existing powerful
methods for deriving exact solutions of NLEEs
are Backlund transformation method [10],
Darboux Transformations [11], tanh-function
method [12], Exp-function method [13], the first
integral method [14] and so on. Wang et al. [15]
firstly proposed the (G'/G) -expansion method,

then many diverse group of researchers
extended this method by different names like
extended (G'/G) - expansion method [2,3,16,

17], generalized (G'/ ) -expansion method [18],

modified simple equation method [19-21] with
different auxiliary equations. Zayed [22]
established extended (¢ '/ ) -expansion method

for solving the (3+1)-dimensional NLEEs in
mathematical physics [23,24]. Recently, Khan et
al. [25] found traveling and soliton wave solutions
of GZK-BBM and right- handed non-commutative
burgers equations by Modified Simple Equations
method.

In this article, our motivation is to add new more
general traveling wave solutions of right-handed
non-commutative  burgers  equations  via
extended (G '/ G ) -expansion. The performances

of the method will encourage other researchers
to apply it in other nonlinear evolution equations
[26,27].
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2. MATERIALS AND METHODS

For given nonlinear evolution equations with
independent variables x and t,
we consider the following form
........ )=0 (1

Fu,u,,u_,u,,u

xt 27

By using traveling wave transformation
ux, ) =u(g), §=x-Vt ()

where u is an unknown function depending on x
and t, and is a polynomial F in u(x,t)=u(£¢) and
its partial derivatives and v is a constant to be

determined later. The existing steps of method
are as follows:

Step 1: Using the Eq.(2) in Eq.(1), we can
convert Eg. (1) to an ordinary differential
equation

O(w,~vu',u',—vu",......... )=0 (3)

Step 2: Assume the solutions of Eq.(3) can be
expressed in the form

u(@)=3" {a,(G'1G) +b,G'/G)" [ofl + (GO (4
Y7

with G = G(§) satisfying the differential equation
G"+uG=0 (5)

in which the value of o must be +1, u#0, a,,b,,

(i = -n, ..., n) and A are constants to be
determined later. We can evaluate n by
balancing the highest- order derivative term with
the nonlinear term in the reduced equation (3).

Step 3: Inserting Eq.(4) into Eq.(3) and making
use of Eq.(5) and then extracting all terms of like

powers of (G'/G)' and (G,/G)jW}

together set each coefficient of them to zero yield
a over-determined system of algebraic equations
and then solving this system of algebraic
equations for a,,b,, (i = -n, .., n) and v, we
obtain several sets of solutions.

Step 4: For the general solutions of Eq.(5), we
have

G — Asinh(v—pf) + Brosh(y/—pf), .
<0 —=y—pl : 'v,_!'__ _ t.ﬁ .‘v,—“' = h({)
G Arosh(v/—pf | + Bsinh(y/—p) (6)



G = Acos( i) — Bsm{\/’_g.) e

e
g @ v Asin(\/p) + Beos(\/pt)

(7)

where A, B are arbitrary constants. At last,
inserting the values of a,,b,, (i=-n, ..., n), v and

(6,7) into Eq. (4) and obtain required traveling
wave solutions of Eq. (1).

3. APPLICATION OF OUR METHODS

In this section, we will bring to bear the extended
(G'/ G) -expansion method to find the traveling

wave solutions to the right-handed nc-Burgers
equation:

U, =u, +2uu, (8)

Using traveling wave transformation (2), (8) is
reduced to the following ODE:
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u"+2uu’+vu'=0 9)

Integrating (9) with respect to ¢ and setting the
constant of integration to zero, we obtain

u'+u’+vu=0 (10)

Balancing the highest order derivative and
nonlinear term, we obtain N = 1. Thus, the trial
solutions of the Eq. (10) takes the form

u(&) =a, +a,(G'/G)+a_, (G'|G)+

by(G'/G) ™ +b, +b (G G) o[l +(G'/G)* | u]

where G =G(¢&) satisfies Eq.(5). Substituting Eq.
(11) and Egq. (5) into Eq. (10), collecting all terms
with the like powers of (G'/G)’ and
(G'/G)'\Jo[1+(G'/G)* / ] , and setting them to

zero, we obtain a over-determined system that
consists of fourteen algebraic equations.

—aby + 2a,0b; = 0, b;‘}r:r —app + a.f;.f =],
Veaby + 2ayaby + 2ag0by = 0, agayp + bgbyo + Vagp = 0,
2a_1oby + 2a10byp + 2a_10b_1 + Voby + ob_q + apoby — objp =0,

b{%:ﬁr + Vapp + 2a_qaqp + a_ypu+ 2b1b_10 + f:r,ﬁ;..:ag;.f*} -

blop =10,

Veabip+ 2a_1oby + 2ap0b_y + 2agobypp + Vab_y + 2a10bgp + byop = 0,
2bob_yo + 2bgbyop + Va_1p + 2apa_qpp = 0,

2ay0b_

1t + 2ag0bpp 4+ 2a_yob_y + 3b_yop + Vuoby + 2a_qopuby =0,

oplby + 2a0ob_1p + 2a_youbo + Vabou = 0,
biopu+ b2 +ap? +a® p+ 2hb_yop =0, 2hb_1ou = 0,
2a_1opb_1 + 20p?b_1 = 0,b% jop =0

Solving this over-determined system with the assist of Maple and inserting in eq (11), we have the

following results.

Case-1: v==+2
we have

u (&) =N— s~ u(f, €N,

U, (&) = -1t~ u(f,()", where & =x~2\~ pt

and when p < 0, then using (6) and (11), we have

U (&) ==t = p(f,(E)), where & = x+ 24— ut

u (&)=~ p = u(f,(£)", where & =x—-2,]- ut

—HM.a,=—-H,a, = \/_,usa] :b,l :bo

where & =x+ 24— ut

=b, =0. Now when p > 0, then using (7) and (11),

(14)

(15)



Case-2: v=t|—4du,a, =—pa,=R|-u,a =1b, =b, =b =0.

Now when p > 0, then using (7) and (11), we
have

U (&) =24+ £,(&)~ i f,(&))", where & =x+4- ut (16)

U (&) =-2J=p+ £,(&)~ u(f, (&))", where & =x~dJ—pur (17)

and when 4 <0, then using (6) and (11), we have
U, (&) =2y~ + (&)~ (£, (&))", where& =x+4—put (18)
U, (&) =-2y-p+ [, &)~ (£, (&))", where& =x—d-put (19)
Case-3: v=2u,q =l a,=F/-p,a,=b,=b,=b =0

Now when p > 0, then using (7) and (11), we
have

Uy (&) == 11 + £,(&), where & =x+24[- t
U, (£) = —— g1+ £,(E), where & =x-2,—ut (21)

(20)

and when ”<0, then using (6) and (11), we have

U (&) ==+ [,(E), where E=x+2/-put  (22)

Uy ()= ——p + £,(&), where & =x—2\[-ut  (23)
Case-4: v—t/—q =F-u/2.6,=1/2 b =/ w40, a, =h,=b, =0

Now when p > 0, then using (7) and (11), we
have

Uy (&) = A= 12+ £, 2% Jul 4o o1+ £(£) ] p), where & = x+- ut

(24)
u (&) =—=p 12+ 1, &) 2% Jul 4o \Jo(1+ £ () ), where & =x—\[- ut
(25)

and when p < 0, then using (6) and (11), we have

U (E) == 11 12+ [,(&) 1 22 Ju  dosJo(l+ f2(E) w), where &= x+ - ut

(26)
um(f):—H/2+f2(§)/211l,u/40',[0'(1+ff(§)/,u), where & =x—.|—ut
(27)

Case-5: i/ ja,=—u/2 a,=F/—p/2b,=timl1/40, b, =a, =b, =0

Now when p > 0, then using (7) and (11), we
have

(&) == 2= p( £, &) 124 w1/ 4o () o+ £7(E)/ 1),
where& =x+ Ht
(28)
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U (§) = —\=p /2= p([(E) 1 2% ull 4o (/(§) o+ £7(E)/ w),
where & =x— /- ut

(29)
when p < 0, then using (6) and (11), we have

(&) ==/ 2= p(f, (€N 122 a1/ e (£,(E) o+ £2(E) ] w),
where & =x+/—ut

(30)
g () == 2= (£, @) 22 41 Ao () o+ £ ),

where & =x—/—ut

(31)

R rk 1; It is shown that if we put 4=0 gng

“H=7Y"%in our solution 12, we obtain the
soliton solutjer—(36) /'n Ref.[25] and if we put
B=0 and V"4 ="""2in our solution “» | we
obtain the soliton solution (37) in Ref.[25].

Remark 2: We have verified all the achieved
solutions by putting them back into the original
equation (8) with the aid of Maple 13.

4, GRAPHICAL REPRESENTATIONS OF
OUR SOLUTIONS

The graphical illustrations of the solutions are
depicted in the Figs .1 to 4 with the aid of
commercial software Maple 13. Solutions
u]a uz, u}) u4> u5> uﬁ’ u7’ uS’ u‘)’ ul()’ uIB’ uM’ u17

and “» comes infinity as in trigonometry and
hyperbolic, are singular Kink solution. The Fig.1,
Fig.2 and Fig.3 shows the shape of the exact

singular Kink-type solution of “-% and %
respectively. The shape of figures of solutions
u u u u u u u u

12 20 5 6 102 132 172

s are similar to the

u

figure of solution "¢, the shape of figure of

u,

“s is similar to the figure of solution
u

solution

and the shape of figure of solution “3 is similar

to the figure of solution “+ and (18) and so the
figures of these solutions are omitted for

convenience. Solution Y1 ¥iz> s> ties e gnd M
describes the kink wave. Kink waves are
traveling waves which arise from one asymptotic
state to another. The kink solutions are approach
to a constant at infinity. Fig. 4 shows the shape

of the exact Kink-type solution of “i the right-
handed noncommutative burgers equation (8).
u u Uu.,u

112 122 152719

The shape of figures of solutions

and “» are similar to the figure of solution of “
and so the figures of these solutions are omitted
for convenience.



Fig. 1. Singular kink for u=2, c=A= -1,
B=5

Fig. 3. Singular kink for u=-1, c-B-1,
A= -2

5. CONCLUSION

The extended (G'/G) -expansion method has

been successfully implemented to search exact
traveling wave solutions for the right-handed
non-commutative burgers equation. As a result,
we obtained plentiful new and fresh exact
solutions which might have significant impact on
future researches. The method offers solutions
with free parameters that might be important to
explain some intricate physical phenomena.
Some special solutions including the known
solitary wave solution are originated by setting
appropriate values for the parameters. Overall,
the results reveal that this method is productive,
effective and well-built mathematical tool for
solving nonlinear evolution equations and can be
used in many other nonlinear evolution
equations.
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